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K-theoretic Gap labeling for Quasicrystals
Fonger Ypma

ABSTRACT. We will review the use of noncommutative topology in the gen-
eralisation of Bloch theory from crystals to quasicrystals. After introducing
Bloch theory, we will construct the noncommutative space of tilings and we
will argue that this is the noncommutative analogue of the Brillouin zone which
is used in Bloch theory. The K-theory of the noncommutative Brillouin zone
will be used to provide a labeling of the gaps in the spectrum of quasiperiodic
Hamiltonians, which can be seen as first step towards a generalisation of Bloch
theory to quasicrystals.

1. Introduction

Quasicrystals, as discovered by Schechtman et. al. [25] in 1984, form an in-
termediate phase between periodically ordered crystals and unordered amorphous
metals. They are characterised by their diffraction patterns, which are not blurred
like those of amorphous metals, but show sharp Bragg peaks just as in the case
of crystals. The crucial difference with crystals is that the rotational symmetry
in the diffraction spectra of quasicrystals is incompatible with periodicity, which
means that in quasicrystals there is no lattice that acts as a group of translational
invariance. Likewise, there is no Brillouin zone. This means that the usual meth-
ods of Bloch theory to compute the spectrum of one-electron Hamiltonians fail. In
general, quasiperiodic Hamiltonians will not have a band spectrum, and the com-
putation of the spectrum becomes very hard. However, by replacing the symmetry
group by a groupoid, and the Brillouin zone by a noncommutative C*-algebra, it
turns out that using the K-theory of this C*-algebra, one can get a labeling of the
gaps in the spectrum of the Hamiltonian. This might give qualitative results about
the spectrum.
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The use of noncommutative geometry in solid state physics was pioneered in
the eighties by J. Bellissard. His description of the Integer Quantum Hall effect (see
[10] for a review) is well known. There is also much work on gap labeling theorems
for aperiodic Schrodinger operators (see for instance [5, 8, 7, 9]). To construct
the noncommutative Brillouin zone, we model the quasicrystal by a tiling, and
construct the "hull”  as the space of all translates of this tiling endowed with a
certain metric, following the approach of J. Kellendonk [17, 18]. This construction
resembles Connes’ construction of the space of Penrose tilings [13], but is more
general. Next, we use the dynamical system given by the action of the translation
group R? on Q to define the transformation groupoid Q x R?. The convolution
algebra of continuous functions on © x R? with compact support can be completed
to a C*-algebra, which will be the noncommutative analogue of the Brillouin zone.
Finally, we will show why the K-theory of this C*-algebra serves as gap labeling for
a Hamiltonian which has the same quasiperiodicity as the underlying tiling.

2. Bloch theory

The motion of electrons in a medium is governed in the independent electron
approximation by a one electron Hamiltonian H = —V? + V acting on the Hilbert
space L?(RY), where V € L>®(R%) is a potential that depends on the Coulomb
interaction the electron has with ions and other electrons. In a crystal, we will
assume that the potential has the periodicity of a lattice T', i.e. V(z +a) = V(z)
for all @ € I'. To compute the spectrum of H, we note that the Hamiltonian H
commutes with all translation operators T'(a) given by T'(a)y(x) = ¢ (z+a), where
Y € L2(RY). Note that T can be seen as the (right) regular representation of T
Since T is locally compact, by the Stone-Naimark-Ambrose-Godement Theorem [3]
this representation can be decomposed as a direct integral of irreducible representa-
tions, and since T is abelian, these are just the characters ' of T’ (see also [5, 22]).
In this case, I' will be a torus in reciprocal space, called the Brillouin zone in
solid state physics [1]. We get the decomposition

@
(2.1) T(a) = / emadiy,
r
and likewise, the Hilbert space L2(R?) on which T'(a) acts can be decomposed as
@
ﬁmﬂg/Hm%
r

Elements ¢ € L?(R?) can thus be seen as sections ¢ : I' — {H},} such that ¢, € Hy,
and it follows from the decomposition (2.1) that every ¢y € Hy, obeys

(2.2) Yz + a) = T(a)r(x) = e %y (x).

A norm on each My is given by [lyx|? = [pa/p |k (z)]2d?z < oo. Note that el-

ements of Hj, will in general not belong to L?(R%), since their L2mnorm will be
infinite. Using the fact that the Hamiltonian commutes with all the T'(a)’s, we can
decompose it as a direct integral,

®
H:[_mﬁh
N
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where each Hy acts on Hy. For each k € T fixed, the spectrum of Hj is easy to
compute because of the "boundary conditions” (2.2): it is discrete and bounded
from below [22]. The spectrum of the Hamiltonian H is given by

O’(H) = UkefJ(Hk)'

Note that the (improper) eigenfunctions ¢y, ,, of H obey (2.2), and are thus extended
wavefunctions.

The above is a summary of Bloch theory for periodic media. It is clear that the
role of the lattice I" and its Pontryagin dual, the Brillouin zone I, is very important.

3. The noncommutative Brillouin zone

In order to be able to compute spectra of quasiperiodic Hamiltonians, we have
to generalise Bloch theory to quasicrystals. A quasiperiodic potential V € L>(R9)
can be approximated by trigonometric polynomials, with n pairwise incommensu-
rate frequencies, where n > d. In the quasiperiodic case, there is no lattice I' nor
a Brillouin zone I'. To overcome this problem, it turns out that one should replace
the symmetry group I' by a transformation groupoid, and the Brillouin zone by
the corresponding groupoid C*-algebra, which can be seen as a noncommutative
Brillouin zone. Following [18], we will first construct the hull Q as space of tilings,
then the groupoid  x R%, and finally we will construct its C*-algebra. We will
indicate why this is the noncommutative analogue of the Brillouin zone. Note that
one can also construct the hull in terms of translates of the resolvent of H [5] or in
terms of Delone sets [6, 8|.

Physically, a quasicrystal can be modeled by a d-dimensional tiling 7T, i.e. a
countable set of closed subsets t; of R?, each of positive Lebesgue measure, such
that their interiors don’t overlap. We will assume that there is a finite number of
prototiles (i.e. equivalence classes of tiles under congruence modulo translation),
and that every tile is homeomorphic to the closed unit ball. An example is a periodic
tiling with lattice of periodicity I', where every tile is a unit cell, homeomorphic
to R?/I". Quasiperiodic tilings can be constructed by projecting an n-dimensional
periodic tiling down to a d-dimensional subspace in a certain way (the ”projection
method”) or by the so called substitution method. The most famous quasiperiodic
example is given by the Penrose tiling. For more on tilings, see [15].

To model the motion of an electron in a quasicrystal (or its tiling T"), we change
to the reference frame of the electron, and move the tiling around. Thus, we look
at the set {T + z | z € R?} of all translates of a given tiling 7. Obviously, every
element of this set is itself a tiling of R?. We endow this set with a metric d given
by

d(Ty, To) =inf {0 < e < 1| Jlay],|w2| <e: (Ty+z1) IB0,2)= (T2 +x2) [p(0,2) }-

If there is no such € < 1, we set d(T1,72) = 1. In other words, tilings are ”close”
to each other if they coincide on a large patch (with radius 1/€) around the origin
(up to a small displacement vector). Next, we define the hull Qp as the completion
of the metric space ({T'+ z | z € R%},d). For a periodic tiling by unit cells with
lattice T', Qp is homeomorphic to R¢ /T. For quasicrystals, the hull is a compact
space, and is independent of the choice of the initial tiling T € Q7. This follows
from certain repetitivity conditions that hold for quasiperiodic tilings [18]. Hence,
the reference to T in €2 can be omitted. Note that if the tiling is not repetitive,
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the metric d is not a canonical one, as it depends on the choice of the origin. In
these cases, it is better to use a more canonical method. However, for models of
quasicrystals, the above metric suffices.

REMARK 3.1. Observe that 2/R? is a non-Hausdorff space with trivial topol-
ogy from a commutative point of view. However, its noncommutative topological
structure, captured in the groupoid C*-algebra defined below, is far from being
trivial. This is the philosophy Connes uses for his space of Penrose tilings [13].
However, his construction only works for substitution tilings, while Kellendonk’s
approach is more general. Connes’ space of index sequences modulo finite differ-
ences can be seen as space of Penrose tilings modulo isometries (instead of modulo
translations) [29].

We use the group action of R? on € to define the groupoid Q x R%. Recall that
a groupoid G is defined as a small category in which every morphism is invertible.
Alternatively, it can be seen as a generalisation of a group in which the product is
only defined on a subset of G x G. The set of objects G° of the category can be seen
as space of units. A groupoid comes with target and source maps t,s : G — G©;
The product of (z,y) € G x G is defined if and only if t(y) = s(z).

An example of a groupoid is the groupoid G of paths in a space X: the unit
space will be identified with X, and the paths are composable if and only if the
endpoint of the first path (its "target”) is the starting point of the second path
(its ”source”). Obviously, a group is a groupoid, with space of units consisting
only of the unit element e of the group. Another example of a groupoid is the
graph R = {(z,2’) | * ~ 2’} of an equivalence relation ~; the product is given
by (x,9) - (y,2) = (x,2), and the inverse by (x,4)~! = (y,x); note that these are
dictated by the transitivity and symmetry properties of the equivalence relation.
For more on groupoids, see for instance [21, 23].

The basic example we will be concerned with is the transformation groupoid
Q' xR%: elements are given by pairs (T, z) € Q x R, with product and inverse given
by

(T,2)(T — z,y) == (T,z +v); (T,z) ' :=(T —z,—x).
It is a locally compact groupoid in the product topology of  x R?. Note that this
groupoid is isomorphic and homeomorphic to the equivalence relation groupoid

Ry :={(T,T") € @ x Q| 3z € R? such that T =T’ + =}
if and only if Q contains no periodic tilings [18, 29].
To construct the noncommutative Brillouin zone, we define the groupoid C*-
algebra of Q x R? as follows (see [21, 23] for more on groupoid C*-algebras).

Consider the set C.(Q2 x R?) of continuous functions with compact support, and
endow it with a convolution product

(31) fraa) = [ FTa)gT = pa )iy

and involution f*(T,z) = f(T —x,—x). Note that since the fibers s~1(T) and
t~3(T) can be identified with R? for each T € €2, the left Haar system [23] of
measures on the groupoid reduces to the usual Lebesgue measure on R%. Next, we
define reduced representations 7r of this *-algebra on the Hilbert space L?(R¢) by

(32) w0 = [ AT =y~ )iy
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Under the above mentioned repetitivity conditions for 7', it is easy to show that
every representation mp is faithful. Now a norm on C.(€2 x R?) will be given by
I fIl :== suppeq |77 (f)||L2(re), and the completion in this norm is the C*-algebra
C*(Q x R?), which we will call A7. Recall that in the periodic case, with lattice T,
the hull is homeomorphic to R?/T". Applying a theorem of Green (see [14, 19]) to
this situation, one can show that

(3.3) C*(RYT x RY) ~ C(I') @ K(L*(R/T)),

where K denotes the compact operators. In other words, the groupoid C*-algebra
is Morita equivalent to the C*-algebra of continuous functions on the Brillouin zone
. This is the motivation to call the C*-algebra Ap = C*(Q x R%) the noncom-
mutative Brillouin zone. Note that a similar construction can be applied to
the groupoid Rr. The C*-algebra Ar is sometimes also called the ”C*-algebra
of observables”. We stress that the transition from commutative to noncommu-
tative Brillouin zone coincides with the transition from periodic to quasiperiodic
structures.

REMARK 3.2. Physically, the (continuous) motion of an electron in a qua-
sicrystal (or on the tiling that models the quasicrystal) can be approximated by a
discrete motion, where the electron is considered to be "hopping” from tile to tile.
In the resulting ”tight binding approximation” [1, 4, 6], the Hamiltonian becomes
a bounded operator. Following [17, 18], we can mathematically implement this by
assigning to each tile ¢ a puncture z(t), such that if two tiles are translates of each
other, then their punctures are translates by the same translation vector. We then
define the discrete hull Q. by

(3.4) Qpune = {T € Q| x(t) =0 for some t € T'}.

The set of all punctures of a given tiling T" will be denoted by T?P“*¢. Note that
for a periodic tiling with lattice ', Q,yn can be identified with a point (or with a
finite point set, if more than one puncture per unit cell is allowed), whereas TP*"¢
can in this case be identified with the lattice T'.

Qpunec is an ”abstract transversal” to the action of R< on , in the sense that it is
a closed subset of the unit space Q of the transformation groupoid Q x R¢ meeting
every orbit (under the action of R?) in  [19]. Under the mentioned regularity
conditions for T, Q. can be shown to be a Cantor set [18]. We can then define
the discrete analogues of the groupoids Q x R% and Ry, and their C*-algebras.
We will denote the discrete analogue of Apr by Apune. Now these C*-algebras are
actually Morita equivalent [16], which means for instance that their K-theory is
isomorphic. So for our purposes, we can either use the discrete or the continuous
description. The discrete version has the virtue that the C*-algebra is unital, and
that the Hamiltonian is a bounded operator on ¢2(TPu"¢) in this case.

Next we’ll construct a trace on the noncommutative Brillouin zone, which can
be seen as noncommutative integration. First, we claim that for quasiperiodic
tilings, there exists a unique translation invariant, ergodic probability measure p
on Q [4, 29]. Next, we define a functional 7, on C.(£2 x R?) by

ru(f) = / dp(T) F(T, 0),
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which has the properties of a positive trace, i.e. 7,(f*f*) > 0and 7,(f*g) = 7,(g*
f) for all f,g € C.(2xR?). It is easy to show that 7, is faithful. Unfortunately, 7,,
is not bounded, so it cannot be extended to a trace on Ay. However, for the discrete
case, the corresponding functional is bounded, so in this case it can be extended to
a trace on Apyunc. Since the discrete and continuous pictures are equivalent what
K-theory is concerned, we will speak about a trace on Ar even if 7, can strictly
speaking not be extended to a trace on Ar.

4. K-theoretic gap labeling

The question arises how the Hamiltonian H = —V?2+V that models the motion
of an electron on a tiling T} is related to the hull, its groupoid and its C*-algebra.
Associated to H = Hr,, we introduce a family {Hr}recq of Schrodinger operators
satisfying the covariance condition

(4.1) Hrpyp =T(x)HyT(x)7L.

Note that the representations 7y of (3.2) satisfy a similar covariance condition.
We say that a covariant family {Hr} is affiliated to the C*-algebra Ap if for all
f € Co(R) the bounded operators f(Hr) can be represented as mr(hy) for some
hy € C*(Q x R?) such that the map h : Co(R) — Ap; f — hy is a bounded
*-homomorphism.

Now observe that the spectral projections x(_oo, g(Hr) are bounded functions
of the Hamiltonian, and they are continuous if and only if F ¢ o(Hr), i.e. if E lies
in a gap g of the spectrum. Moreover, observe that in this case, X(—o,g(Hr) is
independent of the value of E € g. This means that each gap g in the spectrum of
H defines a projection py € A, or, in the discrete case, in Apynec.

Next we introduce the integrated density of states (IDS) of {Hr} as the
function defined by

(4.2) Nr(B) = lim —

E' H E' < E}.
ATRE |A\ﬁ{ €o(Hra | B < E}

By unique ergodicity, this limit exists uniformly in T if F is a continuity point of
the limit. It is independent of the boundary conditions on A [20]. This yields the
IDS as a nonnegative, nondecreasing function on R that is constant on gaps in the
spectrum of Hy. The IDS actually determines the continuous part of the spectrum.

N7 is constant as a function of T' on a dense subset of Q2. Now a covariant

family {Hr} affiliated to Ap is said to satisfy Shubin’s formula if for p-almost
all T € Q, we have

(4.3) Nr(E) = 1u(xXu<p),

where xg<p € Ar is the element such that mr(xr<p) = X(—oo,5)(Hr) for all T'
In [4], Shubin’s formula was established for tight binding Hamiltonians, whereas in
[5] it was proved to hold for continuous Schrédinger operators. We will denote the
common value of the IDS’s simply by N(E).

Shubin’s formula is the link between the K-theory of the noncommutative Bril-
louin zone Ar and the IDS on the gaps of the spectrum of H: recall that every
gap g in the spectrum defines a projection pg € Ap. Now the Ky-group of a unital
C*-algebra is built up by equivalence classes under unitary transformations of pro-
jections in matrices with entries in the algebra, with operation [p] + [q] = [p @ ¢].
The resulting semigroup is made into a group by the Grothendieck construction.
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For more on K-theory, see e.g. [12, 24]. Note that although A is not unital, its K-
theory can still be defined, but to avoid technicalities, we’ll work with Ay, which
is indeed unital. Since Ar and Apyn. are Morita equivalent, and K-theory is invari-
ant under Morita equivalence [24], there is no loss in doing so. Now the trace 7, is
invariant under unitary transformations, so it defines a map 7, : Ko(Apune) — R.
The image is a countable subset of R, because Apyn. is separable [5]. Since the
projections pgy define elements of the Ko-group, by (4.3) we have [5]

THEOREM 4.1. Let {Hr} be affiliated to Apync. For p-almost all T € Q, the
IDS on gaps of the spectrum of Hr, denoted by N(g), takes values in the (ordered)
countable set 7, (Ko(Apunc)) N [0,1]. The resulting gap labeling is invariant under
norm-continuous perturbations, as long as the gaps do not close.

The last property of invariance is due to the fact that if two projections are
homotopic to each other, they are in the same K-theory class [24]. A few remarks
are in order. Notice that one could have used the K-theory of A7 instead of that
of Apunc, since the two C*-algebras are Morita equivalent. To actually compute
these K-theory groups, useful tools are the Pimsner-Voiculescu exact sequence and
Connes’ Thom isomorphism [12]. Note that the gap labeling depends only on the
topology of the noncommutative Brillouin zone. In essence, only the structure of
the underlying tiling matters, and this structure can in principle be deduced from
the diffraction spectrum of the quasicrystal. There is even a theorem, conjectured
once by J. Bellissard and proved independently in [7, 11, 16], stating that

(4.4) Thx (KO(ApunC)) = M(C(quna Z)),

in other words, the gap labels are given in terms of integer valued functions on
the hull (the functional p is identified with the measure u via Riesz’ representation
theorem). The right hand side can be seen as the Z-module generated by the
occurrence probabilities of finite patches in the underlying tiling. Hence, the gap
labeling is determined by these occurrence probabilities.

The gap labeling theorem looks as if it is able to provide direct information
about the spectrum of the Hamiltonian, just as Bloch theory does in the periodic
case. For example, if the set of gap labels is a relatively dense subset of [0, 1], one
can argue that the spectrum must be Cantor-like. However, the problem is that
Tux(Ko(A7)) is only the set of possible gap labels. Since not every projection in
Ar is necessarily a spectral projection of H, it is not at all guaranteed that all
these possible gaps actually occur. Some gaps might be closed, and this cannot be
detected by K-theory, which is too rough as topological invariant. In fact, in many
cases it is even hard to show the spectrum has gaps at all.

An example of a one-dimensional, discrete, quasiperiodic Hamiltonian is the
Almost Mathieu operator

(4.5) Hyoa(n) :=1¢(n+1) +¢(n—1) + 2 cos(2man + 0)y(n).

It is easy to see that for rational a = p/q, the potential has periodicity ¢, and the
spectrum will thus be a band spectrum, determined by Bloch theory. However,
for irrational o the potential becomes quasiperiodic. The set of gap labels is given
by (Z + aZ) N [0,1]. More than twenty years ago, it was conjectured that for all
irrational «, the spectrum is Cantor-like (see [26, 27, 28] for reviews). After a
series of partial results, this is now proved [2]. The stronger statement that all
gaps (except for the middle one at E = 0) are actually open, has still not been
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proved for all values of «, as far as the author knows. For general quasiperiodic
operators, it is difficult to find a mechanism to determine which gaps are actually
open.

In conclusion, we have seen that for a generalisation of Bloch theory from

periodic to quasiperiodic materials, one needs to use noncommutative topology.
Although the K-theoretic gap labeling is a beautiful result from a mathematical
point of view, there is still a long way to go to get a physically meaningful theory
of electronic properties of quasicrystals.
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